A double layer Green's tensor for linear elasticity in half space is computed. Traction free conditions on the surface are imposed making this Green's tensor relevant in geophysics for modeling displacements caused by slips on faults. Past attempts at computing related Green's tensors are discussed. Applications to computing displacement fields by integration over fault regions or by use of asymptotic estimates are presented.
Introduction.
Inside a linear elastic region Ω with Lamé coefficients λ > 0 and μ > 0, a displacement field u satisfies the equation μΔu + (λ + μ)∇div u = 0 in Ω (1) or alternatively div σ = 0 in Ω, (2) where the stress tensor is given by σ ij (u) = λ div u δ ij + μ(∂ i u j + ∂ j u i ).
We will use the following notation for stress vectors in the normal direction n throughout this paper:
The natural basis for R 3 will be denoted by (e 1 , e 2 , e 3 ). If Ω is unbounded, a finite energy condition for displacements is required:
where we have used the strain tensor ij (u) = 1 2 (∂ i u j + ∂ j u i ) and the dot product between two 3 × 3 matrices A and B defined by A : B = tr(A T B). If Ω is the whole space R 3 , it is known since Kelvin that the tensor G ij (x, y) = 1 8πμ(λ + 2μ) ((λ + μ)∂ xi r∂ xj r + (λ + 3μ)δ ij ) 1 r , (4) where r = (x 1 − y 1 ) 2 + (x 2 − y 2 ) 2 + (x 3 − y 3 ) 2 , satisfies Green's problem μΔG + (λ + μ)∇div G = −I 3 δ y in R 3 , (5) where I 3 is the 3 × 3 identity matrix. In addition G decays at infinity and has finite energy away from the singularity at x = y, R 3 \B(y, 1) σ(G(x, y)) : (G(x, y))dx < ∞. (6) Let Γ be a bounded fault or cut in the space R 3 . It is possible to use tensor G to find an integral representation for displacement fields in R 3 that are continuous across Γ and whose stress vector has a given discontinuity (sometimes called jump) across Γ; see [5] .
We are interested in this paper in elastic displacement fields in the half space x 3 < 0, denoted by R 3− , that are traction free on the surface x 3 = 0, satisfy some discontinuity condition across a bounded surface Γ in R 3− , and decay at infinity while having finite energy. Such displacement fields u can be expressed as integrals on Γ involving Green's tensor M which satisfies μΔM + (λ + μ)∇div M = −I 3 δ y in R 3− , (7) T e3 M = 0 on the surface x 3 = 0, (8) M decays at infinity and R 3− \B(y, 1) σ(M (x, y)) : (M (x, y))dx < ∞. (9) Mindlin was the first to compute a tensor of this type; see [4] . Sheu performed an analogous computation in the anisotropic case; see [7] . In that same paper he was able to reconstruct displacement fields produced by the 1999 Jiji, Taiwan earthquake using his new Green's tensor.
If u is a finite energy elastic displacement field in the half space R 3− that has zero traction on the surface x 3 = 0 and satisfies some discontinuity condition across a bounded surface Γ in R 3− , then u can be expressed as the integral over Γ of M against some density which solves an adequate boundary integral equation. These equations on Γ were studied by Martin, Päivärinta, and Rempel in [3] .
It might be costly and nontrivial to solve the boundary integral equations discussed in [3] . However, this can be avoided altogether in some cases. Assume that we want to solve for a (finite energy, decaying at infinity) displacement field u such that
T e3 u = 0 on the surface x 3 = 0, (11) u is continuous across Γ, (12) [T n u] = f is a given jump across Γ; (13) then u is given by the integral formula
Note that the free space analogue of problem (10) , (12) , and (13) is given by the field u = 1 2 Γ Gf (see [5] ), and from there integral formula (14) is easily conceived in half space. Let us now examine the adjoint problem to (10)-(13), namely, solving for a (finite energy, decaying at infinity) displacement field u such that
T e3 u = 0 on the surface x 3 = 0,
T n u is continuous across Γ, (17) [u] = g is a given jump across Γ.
We know from [5] that the free space analogue of this problem has the solution u = 1 2 Γ (T n(y) G) T g, where, as previously, G is Kelvin's Green's tensor and T n(y) is the stress vector in the y dependent normal direction n(y). The main result of this paper is to find Green's tensor H such that problem (15)-(18) has the solution u = 1 2 Γ Hg for any smooth tangential vector field on Γ, g. Note that some authors have incorrectly thought that H could be simply given by (T n(y) M ) T ; this is not true for the operators T e3(x) and (T n(y) ·) T do not commute when applied to Mindlin's Green's tensor M . We verified this using a symbolic computer software. Actually, this lack of a commutativity property can be understood on simple examples. We discuss three such simple examples in this paper. Steketee was the first author to offer a correct approach on how to compute Green's tensor H; see [6] . Interestingly, he was able to give a full solution only in Fourier space, and he was able to complete his computation in section 7 of his paper [6] in only one particular case.
We now outline the contents of this paper. In section 2 we present our method for computing Green's tensor H. We do not provide any explicit calculations. They are a good order of magnitude more complex than those of Mindlin's because we have to start from the derivative of Kelvin's tensor. It was actually possible for us to perform this calculation thanks to the use of a symbolic calculus software. We indicate the form of the final solution in the appendix. In effect, we are able to provide relatively concise formulas for H only on the surface x 3 = 0. For x 3 < 0, the simplest form for H is too lengthy to appear in this paper. Note, however, that this formula for H is still malleable using a symbolic calculus software, and it can then be turned into any computer language code. We also demonstrate in section 2 how our Green's tensor relates to two-dimensional (2D) linear elasticity in a half plane. Assuming that displacements occur only in one direction, we are able to recover Green's scalar function in the lower half plane with zero Neumann condition on the surface. In section 3 we explain why under some decay and growth condition, at infinity and near singular points, our Green's tensor is unique, and we use this uniqueness result to verify our (long!) calculation for H. We also include in section 3 a paragraph aimed at understanding why past attempts at computing Green's tensor H were erroneous and why discrepancies were not picked up on numerical data. In section 4 we use our tensor H for the explicit numerical computation of surface displacement fields due to a slip on a crack, or fault, beneath the surface. We note that the exact solution given by u = 1 2 Γ Hg might require a costly computation, which is undesirable in applications where such a direct computation would have to be iterated a large number of times. We found a way to obtain an approximate field u(x 1 , x 2 , 0) based on asymptotics that just assume that (x 1 , x 2 ) is some distance away from the fault Γ. We also evaluate in section 4 the error incurred in making that approximation. We then discuss in that same section an interesting symmetry property, valid for deep faults. define a double layer potential by setting G(x, y, n) = (T n(y) G(x, y)) T . (19) 2.1. The image method. The image method consists of combiningG(x, y, n) with terms from
where n = (n 1 , n 2 , −n 3 ) and y = (y 1 , y 2 , −y 3 ), in such a way to obtain vanishing traction on the plane x 3 = 0, along the x 1 and x 2 directions. More precisely, set
If g is a smooth vector field on Γ, then u(x) = 1 2 ΓG (x, y)g(y) satisfies (15) , (17) , and (18), has finite elastic energy, and decays at infinity. However, (16) is only partially satisfied; only the first two components of T e3 u are zero at x 3 = 0. Consequently, to find Green's function H, we need to solve three Boussinesq problems with data
to compensate for the nonzero T e3 u · e 3 term on the surface x 3 = 0.
A Fourier method for solving Boussinesq problems.
We find it most efficient to follow the method outlined by Steketee [6] . Recall the definition of Boussinesq half space elasticity problems: find v of finite elastic energy in R 3− such that
T e3 u · e i = 0 on the surface x 3 = 0, i = 1, 2, (22) T e3 u · e 3 = −F on the surface x 3 = 0.
The solution to (21)-(23) can be sought in terms of a Galerkin vector (0, 0, γ), where γ is biharmonic in the lower plane
then it satisfies (21). Note that 1 2 < α < 1. The stress vector T e3 v simplifies as
Starting from the problem
γ is bounded as
we perform a Fourier transform of γ in the first two variables only. A long calculation leads toγ
where Fourier transforms are given bŷ
v can be now found according to formula (24). Finally, applying an inverse Fourier transform tov will give a finite energy, decaying at infinity, vector field v which satisfies the elasticity equations in R 3− and whose stress vector at the surface x 3 = 0 satisfies (26) and (27).
The Boussinesq solution in our case.
Can the vector field v defined in the previous paragraph be given in a closed form? The answer is yes if F is the force coming from adding to Kelvin's tensor its image above the plane x 3 = 0 and computing, for each column, the resulting vertical traction at x 3 = 0; this will yield Mindlin's tensor. In our case the forcing term F is given by (20); this case involves more terms, of higher degree, compared to those appearing in the derivation of Mindlin's solution. Steketee was able to carry out such a computation in section 7 of his paper [6] in only one particular case. At the time of his work, symbolic algebra software was not available, and this greatly limited investigators' ability to manipulate large expressions. Going back to our work, let us give, for illustration, the expression of F 1 , the forcing term for the first Boussinesq problem that we need to solve. F 1 is the ratio of
To compute v given by (24)-(29), for F = F j , j = 1, 2, 3, we first computed the Fourier transformF , which we multiplied by adequate terms to findγ according to formula (29). We then proceeded to compute the inverse Fourier transform ofγ, from which the expression for v, solution to (21)-(23), follows from (24). Corresponding double integrals were evaluated in polar coordinates. A symbolic calculation software had to be used due to the length and complexity of the expressions involved. Of particular importance for polar angle integration was the use of the following integrals:
where p is an integer and J p is the Bessel function of the first kind of order p. This formula can be derived from formula (9.1.21) in [1] . As to integration in radius, a formula for
dρ, p = 1, . . . , 5, q = 0, . . . , 4 y 3 < 0, r > 0,
was needed. For compuation of inverse Fourier transforms the following was also needed ∞ 0 e 2πrx3 J p (2πρr)r q dr p = 0, . . . , 4 q = 0, . . . , 2,
Closed forms for (31), (32), albeit intricate, can be computed. The final expression for H is intricate and involves many terms. We discuss it in the appendix.
Symmetry properties.
We first notice that Green's tensor H depends on x 1 , y 1 , x 2 , and y 2 only through x 1 − y 1 and x 2 − y 2 .
Switching the first two coordinates. Let
, λ > 0, and μ > 0. The following relations hold:
Physically, they express that the first and the second coordinate play the same role for the displacement vector Ht.
Switching the normal vector n and the source vector t.
Computations indicate that the coordinates of Ht depend on the normal vector n and on t only through
and, consequently,
and
Symmetry property (35) corresponds to reversing the orientation on the fault Γ. Symmetry property (36) expresses that the displacements caused by a concentrated slip of vector t, on an infinitesimal fault of normal vector n, are the same as the displacements caused by a concentrated slip of vector n|t|, on an infinitesimal fault of normal vector t/|t|. We will give in a subsequent section another interpretation of this symmetry property valid for deeper faults of finite size.
Relation to 2D elasticity.
Two dimensional scalar elasticity is the limit model of general elasticity as boundary conditions are constant along a given direction, say, x 2 , and displacements take place only in the x 2 direction. We assume here that the fault Γ introduced earlier is linear and infinite in the x 2 direction; thus, a normal vector to Γ satisfies n 2 = 0. We then integrate the vector He 2 in x 2 in the range (−∞, ∞). A long computation leads, after simplification, to the vector ⎛ ⎝ 0,
Next, we show that this is in agreement with the 2D model. It is known that
is the half plane x 3 < 0 Green's function for the 2D Laplacian in the x 1 , x 3 coordinates that satisfies the zero Neumann condition ∂ x3 g = 0 at x 3 = 0. Note that ∂ x3 ∂ y1 g and ∂ x3 ∂ y3 g are also zero at x 3 = 0. Computing
we find exactly the second coordinate of the vector given in (37). Remark. The scalar operators ∂ x3 , ∂ y1 , and ∂ y3 do commute. However, we wish to emphasize that, in 3D elasticity, the argument cannot be as simple since the traction operators T e3(x) and (T ej (y) ·) T are not commutative.
Verification.
We were able to devise a way of verifying our long computation resulting in a closed form for the tensor H.
A uniqueness theorem.
Theorem 3.1. There is a unique tensor A(x, y), for x and y in R 3− , whose entries are measurable functions in (x, y) and which satisfies the following equations:
where C is a constant independent of x andG is defined by (19).
Proof. It is clear that our Green's tensor H(x, y) satisfies conditions (38)-(43). To show uniqueness, assume that A 1 and A 2 satisfy (38)-(43) and set A = A 1 − A 2 . Then as A(x, y) and ∇ x A(x, y) are bounded for x and y, x = y, in R 3− , A satisfies the elasticity equations everywhere in R 3− . Next, if A j is the jth column of A, let B R be the subset of R 3 defined by {x : |x| ≤ R and x 3 ≤ 0}. Applying conditions (38)-(41) and integrating by parts,
Applying boundary condition (39) and decay at infinity (40)-(41), we find that
A j is then a rigid displacement which, due to the imposed decay at infinity, must be zero.
Application to verifying our calculation for the tensor H. Equations
(38) and (39) were verified directly. Conditions (40) and (41) are satisfied with an additional order of magnitude for H, that is, 3 as y is fixed and |x| → ∞.
More precisely, each entry of H(x, y) is asymptotically equivalent as |x| → ∞, to the ratio of some homogeneous polynomial of degree 11 in x 1 , x 2 , x 3 , x 2 1 + x 2 2 , and
. H also satisfies conditions (42) and (43); they express that H(x, y) andG(x, y, n) have the same type of singularity as y approaches x.
The problem with past attempts at finding Green's tensor H.
Some authors have incorrectly thought that H could be simply given by (T n(y) M ) T ; this is not true for the operators T e3(x) and (T n(y) ·) T do not commute when applied to Mindlin's Green's tensor M . We verified this fact using a symbolic computer software; note, however, that this lack of a commutativity property can be understood on simple examples. We discuss such simple examples below.
Example 1. For the vector v(x, y) = (0, 0,
Example 2. The following vector field has zero traction derivative in x at the surface
In other words, calculations indicate that T e3(x) v = (0, 0, 0) at
We computed Mindlin's tensor, following a method that proceeds along the same lines as those sketched earlier in this present paper for the calculation of our Green's tensor H: we started from Kelvin's tensor G, which we reflected about the plane x 3 = 0, and finally three Boussinesq problems had to be solved. The case of Mindlin's tensor is computationally less intensive, as it involves terms of smaller degree than that of terms involved in the computation of Green's tensor H. Nevertheless, we found it worthwhile to utilize a symbolic computation software for two reasons: first, this certainly reduces chances of obtaining a wrong result; and, second, it makes it more convenient for verifying the final answer. Verification was made by validating elasticity equations, and decay at infinity, and order of growth near singularities and checking traction free boundary conditions.
In the end we found that although T e3(x) M (x, y) is zero at x 3 = 0, T e3(x) (T e3(y) M (x, y)) T is not zero at x 3 = 0, whereas previously M (x, y) was Mindlin's tensor. The reason why this was not picked up in previous studies in natural sciences may lie in the following observation: M (x, y) is homogeneous in (x, y) of degree −1, and, consequently, T e3(x) (T e3(y) M (x, y)) T is homogeneous in (x, y) of degree −3. If this tensor is evaluated for y 3 at some depth d beneath the surface x 3 = 0, the error in surface traction T e3(x) (T e3(y) M (x, y)) T decays as d −3 , which is one order of magnitude smaller than displacements on the surface. In other words, using T e3(y) M (x, y) for computing surface displacements due to a slip on a fault may lead to gross discrepancies, only if that fault is shallow and for those surface points close enough to the fault.
Application: Computations of displacement fields caused by a slip along a fault.
In this section we use Green's tensor H introduced in this paper to compute displacement fields u due to a slip on a fault Γ, in the half space x 3 < 0, with traction free conditions on the surface x 3 = 0. In other words, u satisfies (15)-(18). This equation for u plays an important role in geophysics models. It may be used in the study of quasi-static displacements near a fault during a "silent earthquake" episode. Accounts of silent earthquakes in subduction zones near Japan [12] and New Zealand, Alaska, and Mexico [13, 11] were recently reported in the literature. This equation for u may also be used to study the nucleation phase (occurring after destabilization of faults and before the onset of seismic waves) for dynamically active faults. The earthquake nucleation phase, which precedes dynamic rupture, was uncovered by detailed seismological observations [14, 16] and identified in laboratory experiments [15, 17] .
Typical length scales attached to faults observed in nature range from 0 to 100 kilometers for depth and 1 to 100 kilometers for length. During destabilization, slip on faults are on the order of 1 to 100 meters. Accordingly, in all numerical simulations in this section, we choose one kilometer to be the unit length for spatial coordinates, while surface displacements are given in meters. The Lamé coefficients are set to be λ = μ = 1, a common choice in geophysics. This choice of λ and μ is not necessary for our computations to run faster or more accurately. It was rather made in order to facilitate comparisons to other pieces of work.
Exact field in two numerical examples.
Recall that the displacement field u due to a slip g on a fault Γ, in the half space x 3 < 0, with traction free conditions on the surface x 3 = 0, that is, the solution to problem (15)-(18), can be expressed as u = 1 2 Γ Hg. We compute in this section the displacement u on the surface x 3 = 0 using this integral formula in two examples.
These two examples involve the same fault geometry: Γ is contained in the plane normal to the vector (1, 0, 1) and is bounded by an ellipse centered at (0, 0, −2). In local coordinates the ellipse has the equationỹ 1 2 +(ỹ 2 /5) 2 = 1, where local coordinates are related to the original coordinates by
A sketch of this cross section appears in Figure 1 .
In the first example slip occurs only in the e 2 direction. In local coordinates the slip was picked to be g = C 1
where the constant C 1 was adjusted in such a way that the total slip Γ g be of norm 1; see Figure 2 for a plot of resulting surface displacements. We wish to emphasize that this choice of slip g is not arbitrary; it corresponds to the expected dominant profile of slip occurring Fig. 2 . Computed surface displacement for the elliptic geometry and slip in the e 2 direction considered in the first example. In local coordinates the slip was picked to be g = C 1 1 −ỹ 1 2 − (ỹ 2 /5) 2 e 2 , where the constant C 1 was adjusted in such a way that the total slip Γ g be of norm 1. The e 1 and e 2 components of u(x 1 , x 2 ) are represented as a planar vector field using arrows, while the e 3 component is sketched on the same graph using a color contour map.
during the destabilization process of a fault. A complete theory for that process has been studied in the 2D case; see [2] , [8] , [9] . In the 3D case a complete theory is still being investigated, but analysis of relevant hypersingular operators suggests that slip occurring during the destabilization process of a fault decays toward the edge of the fault as the square root of the distance to this edge.
In the second example the slip does not have constant direction and is picked to be, in local coordinates, g = C 2 (−2m 3/2 , m 1/2 , 2m 3/2 ), where m = 1 −ỹ 1 2 − (ỹ 2 /5) 2 and the constant C 2 was adjusted, as previously, in such a way that the total slip Γ g still be of norm 1; see Figure 3 for a plot of resulting surface displacements. Fig. 3 . Computed surface displacements in the second example. The geometry of the fault is the same as in the first example; however, the slip does not in this case have constant direction and is picked to be, in local coordinates, g = C 2 (−2m 3/2 , m 1/2 , 2m 3/2 ), where m = 1 − (ỹ 1 /5) 2 −ỹ 2 2 and the constant C 2 was adjusted in such a way that the total slip Γ g be of norm 1.
direct computation would have to be iterated a large number of times. We found a way to obtain a reasonable approximation to the field u(x 1 , x 2 , 0) based on asymptotics that just assume that (x 1 , x 2 ) is some distance away from the fault Γ. Suppose that the fault Γ is centered at the point (a, b, c) where c < 0. To obtain a simpler formula for the surface displacement u(x 1 , x 2 , 0) we now assume that either the surface point (x 1 , x 2 ) is far enough from (a, b) or |c| is large enough. Thus, we may write
as long as (y 1 , y 2 , y 3 ) remains on the fault Γ. From there, integrating over Γ,
Setting (t 1 , t 2 , t 3 ) = 1 2 Γ g(y 1 , y 2 , y 3 )dy, we obtain
The vector t := (t 1 , t 2 , t 3 ) can be interpreted as half the average slip on Γ times the area of Γ. We will call 2t the total slip on Γ.
We now proceed to demonstrate numerically the accuracy of approximation (46). We plot the relative L 2 error incurred in making the approximation (46) against depth for three different geometries in Figure 4 . The L 2 error was computed on the surface x 3 = 0 in a square [−10, 10] × [−10, 10]. In each case the fault was contained in the plane normal to the vector (1, 0, 1) and passing through the center (0, 0, c), where |c| is the depth. Depth ranged from 2 to 20 in these numerical runs. Slip was set to occur in the e 2 direction. Total slip was computed in order to apply formula (46). The plus markers correspond to a square geometry for Γ with edges of length 2. In local coordinates (ỹ 1 ,ỹ 2 ) centered on the fault, the slip was picked to be The star markers correspond to Γ being a circle of radius 1. In local coordinates the slip was picked to be 1 −ỹ 1 2 −ỹ 2 2 . The circular markers correspond to an elliptic geometry for Γ. The equation of the ellipse was picked to be, in local coordinates, y 1 2 + (ỹ 2 /5) 2 = 1. In local coordinates the slip was picked to be 1 −ỹ 1 2 
The largest error is found for the most shallow faults, that is, for |c| = 2, and ranges from 12 to 19%, depending on geometry. We sketched the exact and approximated fields for faults at depth 2 in the elliptic geometry case in Figures 2 and 5 . It appears that even at that shallow depth the exact and approximated profiles exhibit very similar patterns.
A symmetry property for deeper faults.
Denote byũ the approximate surface displacement obtained by application of asymptotic formula (46). Accordingly, u = Ht. The coordinates of Ht are given in the appendix. Recall that symmetry property (35) corresponds to reversing the orientation on the fault Γ. A consequence of symmetry property (36) is that, for deeper faults, a total slip t on a planar fault Γ of normal vector n produces approximately the same surface displacements as in the "reversed case" of a total slip n|t| on a planar fault Γ of normal vector t/|t|. Of course, this equivalence does not hold for shallow faults at surface points close to the fault.
Due to the expression for H(x 1 − a, x 2 − b, 0, 0, 0, c) it turns out that u(x 1 , x 2 ) is The approximation was obtained by applying formula (46). The computed exact field is sketched in Figure 2 .
a function that depends on n and t only through s 0 , s 1 , s 2 , s 3 , and s 4 defined by
Thus, one might wonder whether additional symmetries akin to (36) hold. The following proposition explains in detail how s 0 , s 1 , s 2 , s 3 , and s 4 relate to n and t if n and t are perpendicular. Note that, in the destabilization process of faults, previous studies have shown that the slip is tangential to the fault, so n and t are indeed perpendicular in that case.
Proposition 4.1. Assume that n = (n 1 , n 2 , n 3 ) and t = (t 1 , t 2 , t 3 ) are two orthogonal vectors in space such that |n| = 1 and |t| = 0. Given s 0 , s 1 , s 2 , s 3 , and s 4 defined by (47)-(51) exactly four different pairs (n, t) can be reconstructed. If (ñ,t) is one reconstructed pair, the other three are (−ñ, −t), (t |t| ,ñ|t|), and (−t |t| , −ñ|t|).
Proof. Form the matrix
and notice that D = nt T + tn T . Denote t = t/|t| and D = D/|t| = nt T + t n T . Since n and t are orthogonal of norm 1, we have that D t = n and D n = t from where it follows that D (n − t ) = −(n − t ) and D (n + t ) = n + t . We conclude that n − t and n + t are eigenvectors for D for the respective eigenvalues −|t| and |t|. Notice also that n × t is an eigenvector for the eigenvalue 0.
To reconstruct n and t, as D is real symmetric and has zero trace and determinant, we may denote by −α, 0, α (with α > 0) the eigenvalues of D.
To find a pair (n, t) from the symmetric matrix D we have to find two vectors v 1 and v 2 of norm √ 2 such that Dv 1 = −αv 1 and Dv 2 = αv 2 . As D is symmetric v 1 and v 2 are orthogonal. If we then set n = v1−v2 2 , t = v1+v2 2 , and t = αt , it is clear that the coordinates of (n, t) will satisfy (47)-(51) and so will the coordinates of the other pairs (−n, −t), ( t |t| , n|t|), and (− t |t| , −n|t|). Finally, we show that these are the only four solutions. This is because a basis for the eigenspace attached to the eigenvalue −α containing vectors of length √ 2 can only be given by either v 1 or −v 1 , and a basis for the eigenspace attached to the eigenvalue α containing vectors of length √ 2 can only be given by either v 2 or −v 2 ; this gives a total number of four combinations.
Remark. Assume that s 0 , s 1 , s 2 , s 3 , and s 4 are any five real numbers. Can we find two orthogonal vectors n and t such that |n| = 1 and (47)-(51) are satisfied? Forming the matrix
this is possible if and only if det(E) = 0. Indeed, the condition det(E) = 0 is necessary since E(n × t) = 0. Conversely, as E is real and symmetric and its trace is zero, if det(E) = 0, the eigenvalues of E must be −α, 0, α for some α > 0 unless s 0 = s 1 = s 2 = s 3 = s 4 = 0, in which case E = 0. The assertion then follows from the previous proposition.
To illustrate numerically the symmetry property, we computed the surface displacements u(x 1 , x 2 ) arising from the slip on the fault Γ of equationỹ 1 2 +(ỹ 2 /5) 2 = 1, in local coordinates, at depth c = −2 and normal to the vector ( 1 √ 2 , 0, 1 √ 2 ), where new and original coordinates are again related by (44). We imposed on that fault the slip C 1 (−2m 3/2 , m 1/2 , 2m 3/2 ), where m = 1 −ỹ 1 2 − (ỹ 2 /5) 2 , in local coordinates, and the constant C 1 was computed such that the norm of the total slip 2t was 1. The computed profile appears in Figure 3 .
Next, we proceeded to find the surface displacements for a reversed geometry, that is, the surface displacements u (x 1 , x 2 ) arising from the slip on the fault Γ of equationỹ 1 2 + (ỹ 2 /5) 2 = 1, in local coordinates, at depth c = −2 and normal to the vector t with imposed slip C 2 ((m/2) 1/2 + 2m 3/2 )(1, 0, 1), where m = 1−ỹ 1 2 − (ỹ 2 /5) 2 , in local coordinates, and the constant C 2 was computed such that the norm of the total slip was 1. The computed profile for u (x 1 , x 2 ) appears in Figure 6 .
We also computed the surface displacements u (x 1 , x 2 ) obtained by application of asymptotic formula (46). The computed profile for u (x 1 , x 2 ) appears in Figure 7 . We computed these relative differences for two depths c = −2 and c = −20, and we placed them in Table 1 .
Conclusion.
We have computed in this paper a double layer Green's tensor for linear elasticity in half space, with traction free conditions on the surface. Our approach starts from Kelvin's free space tensor: we first took a traction derivative, and then we made a long calculation whose goal was to derive additional terms accounting for the traction free boundary condition. We indicated the form of the final solution in the appendix. In effect, we are able to provide relatively concise formulas for H 2 2 , in local coordinates, and the constant C 2 is a computed constant ensuring that the norm of the total slip be 1. We observe that the displacement pattern is similar to the one plotted in Figure 3 . only on the surface x 3 = 0. For x 3 < 0, the simplest form for H is too lengthy, but still manageable on a computer system.
We also showed that simply starting from Mindlin's half space tensor and then taking a traction derivative leads to an incorrect result: the traction free condition on the surface is lost. This is due to the fact that traction operators do not commute. We illustrated this lack of commutativity on simple examples.
We demonstrated how our Green's tensor relates to 2D linear elasticity in a half plane. That case reduces to recovering Green's scalar function in the lower half plane with zero Neumann condition on the surface. We also explained why under some decay and growth condition our Green's tensor is unique, and we use this uniqueness result to verify our calculation for H. Finally, we used our tensor H for the explicit numerical computation of surface displacement fields due to a slip on a crack, or fault, beneath the surface. As the exact solution might require an intensive computation, we found a way to obtain an approximate field u(x 1 , x 2 , 0) based on asymptotics assuming only that (x 1 , x 2 ) is some distance away from the fault Γ. This led to a discussion on an interesting symmetry property, valid for deeper faults.
The half space setting considered in this paper plays an important role in geophysics, where the traction free plane at the boundary models the surface of the Earth. This geometry may also be helpful in material science at adequate length scales. We have shown in this paper the expression in closed form for H on the surface and its use for efficiently approximating surface fields due to a slip on the fault. In another paper we will demonstrate how one can take advantage of those approximate closed form expressions for surface displacements, in order to solve the fault inverse problem: given a surface displacement field u, can one recover the fault and the slip that gave rise to u? We provide a positive answer to a regularized version of that problem. Our recovery method combines algebraic manipulations on the approximate closed form expressions for surface displacements to minimization techniques; see [10] . 6. Appendix. Instead of giving formulas for each entry of the matrix H, it is advantageous to write out formulas for the coordinates H t, where t is the vector (t 1 , t 2 , t 3 ). We only present in this appendix formulas at x 3 = 0; the idea is to give a feel for the different terms involved. The complete formula for x 3 < 0 is best left within a computer code.
It proves convenient to introduce polar surface coordinates.
6.1.
If (x 1 − y 1 ) 2 + (x 2 − y 2 ) 2 = 0. The three coordinates of H t are then, respectively, 0, 0, −μ(n 1 t 1 + n 2 t 2 ) + 6(λ + μ)n 3 t 3 4πy 3 2 (λ + μ) .
6.2.
If (x 1 − y 1 ) 2 + (x 2 − y 2 ) 2 > 0. We set ρ = (x 1 − y 1 ) 2 + (x 2 − y 2 ) 2 ,
